Abstract. We show embedding theorems of Sobolev type for Sobolev-Besicovitch spaces of almost periodic functions for any q > 1 and, consequently, for spaces W' 9 , with q E (1, 21. The fundamental tool for the proof of the main theorem is the Hausdorff-Young theorem for almost periodic functions.
Introduction
The theory of Sobolev-Besicovitch spaces W,' 9 (R 3 ) and H(R 3 ) of almost periodic ap functions, already introduced by Pankov [11] for the case q = 2 and by Avantaggiati [5, 6] for any q ^! 1, has been recently approached in the one-dimensional case by Avantaggiati, Bruno and lannacci [3] , with the aim of solving partial differential equations with almost periodic coefficients. In [3] the authors prove also some preliminary regularity results for B 9-functions, and for as much as we know this is the only result obtained regarding this subject.
The main goal of this work is to find embedding theorems for Sobolev-Besicovitch spaces of such type. The W, 7 spaces, whose elements have countable spectrum, are wide spaces (they are not separable); so we restrict ourselves to study suitable subspaces where we fix the structure of the spectrum A, i.e. we suppose that it has only one limit point, the point at infinity, and the frequencies satisfy the fundamental relation While for any q E [1, 2] the embedding theorems are proved (see also [9] ), we have not found, at the moment, a way to extend our results for q > 2. Therefore, using the Hausdorff-Young theorem for B-functions, we first prove embedding properties ap between W,,q and H m,q spaces. Let us note that such embeddings are natural for their similarity to the analogous ones between classical W, ,q and m,q spaces. Then, we prove the embedding theorems for the spaces, for any q > 1. In this way, the ap corresponding theorems for the W,,q spaces (q e (1,2]) become a corollary, being in this case
jjm,q
The Hausdorff-Young theorem again plays a central and fundamental role in the proof of the theorems. When q ^: 2, we believe that there are good possibilities for finding contiguity properties for these spaces, therefore extending our results to any q > 1.
In Section 2 we recall the definition of the spaces B q and their main properties (in ap particular, the Hausdorff-Young theorem). In Section 3 we introduce the spaces, defining strong derivatives of B-functions, and we study the spaces H' and their ap basic properties. In Section 4 we explore the relations between and H m,q spaces, showing the importance of the latter. In Section 5 we prove Sobolev embedding theorems for the spaces for all q > 1 (and, consequently, for when q e (1,2)). Finally, in Section 6 we underline the crucial role played by the parameter /9, studying the case in which A is an additive semigroup with a finite number n of generators. In this case we find that 9 = n.
Notations and definitions
For any s e N, let P(R 3 ) denote the complex vector space of all trigonometric polynomials of s variables, that is P E P(R 5 ) if and only if there exist c 1 , . . . , c, E C and ),...,A''ER such that and
Recall that the space B(R') := C(R) of all uniformly almost periodic functions is ap the completion of 2(R 3 ) with respect to the L00-norm
For these spaces we have the following chain of continuous embeddings, for any q , q > 1 such that q <q2 < +00: 
it results that a( \ ; f) = a; .1*) for all \ E R° and, from (2.7), 11 ff Iii = 0.
Let us recall the Hausdorff-Young theorem for B. 9P spaces, which we will use in the proof of the embedding theorems (for the proof, see [3, 4, 7] ). Theorem 
(Hausdorff-Young). Let f E B(R-). Then one has
/ Ia(A;f)I9') Jjfjj q if q E (1,2] (2.9) AEo(f) f 11119 Ia(A;f)V) if q E [2,+c,o) (2.10)
AE-7(f)
where q' = -2-j-, and the series occurring in (2.10) may be divergent.
Sobolev-Besicovitch spaces W"9 (Rs ) and H'9(R3)
For any multi-index a = (a i ,... , a 3 ) E N and x ,E IR' we set al = a 1 + . . . + a3 (x)° = x" . . .
-1s
Let us besides define the sets 
Let us observe that, fixed q, (3.1) defines a norm on P(R 3 ) and we have J jPjjwo,, = llPIIq. and we will call f0 the strong a-derivative of f, setting ô'f = f0 . Observe that for any E C(R 3 ) we get, integrating by parts,
Let us assume I E W' 9 (R8 ) and a E Jm . The Bohr-Fourier coefficients of f and f are related by the formula
It follows that f has the same Bohr-Fourier exponents of f, except for A = 0, if it appears among the Bohr-Fourier exponents of f . Therefore, by (2.8) we have
Observe that, when fc, represents the ordinary derivative of 1, its Bohr-Fourier series coincides with (3.5). where q' = -2--. We where /c = 2q'-1• On the other hand, since I10°fIIg < +, by the Hausdorff-Young theorem we have, for all ii = 1.... , rn, c) A has a unique limit point and this is the point at infinity. 
AEA
We shall consider almost periodic functions such that a(f) c A. Let us note that A C IR' \ {0} means that, for the sake of simplicity and without loss of generality, we consider almost periodic functions with asymptotic mean equal to zero. Observe that these classes of almost periodic functions include the periodic functions and the quasiperiodic ones that are obtained as finite sums of periodic functions, whose generators are rationally independent. In fact, in this case we have 19 = s, since the series (5.1) has the same behaviour of the multiple generalized harmonic series kCZ' jfr-where Let us denote by Cj(R) the space of those uniformly almost periodic functions that are Hölderian too, i.e.
C(R 3 ) = {i E C(R) :
11 ( for all p E N. From convergence of (3.6) and of (5. By the Holder inequality, we have
H' 9 (A) '-i B,,(A) for all r E [q (ii) If mq /3, we have H'(A) '-B,,(A) for all r E [q, +oo). (iii) If mq > /3, we have H'(A) '-CP(A).
By (3.6) and (5.1), the thesis will follow whenever y < m -I . When q > 2, we have, at the moment, the embeddings that follow from '-We expect, anyway, to find better embeddings, being for q > 2 the spaces W" more regular than W' 2 . It is our opinion that these embeddings can be improved via "contiguity" properties between the spaces of type W and H. Remark 5.6. Given Bq and fixed n-i, let us consider two spectra A 1 and A 2 . We ap can say that if A 1 is thicker thanA 2 , it is necessary an exponent 6 greater than )32 to obtain the convergence of the series (5.1). But, since < if 131 > /92, the thicker is A, the less regular is the embedding of the space H'(A).
Let us recall now that a trigonometric series is said to be lacunary if it has the form c,e" where the natural numbers n k satisfy the inequality > p > 1 for all k E N. We want to extend this notion to Bohr-Fourier series, when s = 1.
Definition 5.1. Given a series >j' CA, e iV with Aj, A'l 15 l 2 l < ..., and x E R, we will say that it is lacunary if there exists p> 1 such that 1' ^ p for all j E N. In the previous section we remarked that, in the periodic case and for a particular class of quasi-periodic functions, /3 is equal to the dimension s of the space where they are defined. This is not true for general almost periodic functions, even for the simplest quasi-periodic case. Here we shall consider the class of quasi-periodic functions whose spectrum A* is an additive semigroup, generated by a finite number of Z-linearly independent frequencies belonging to a convex semicone of IR'. For this class, we shall prove that /3 is equal to the number of generators of the semigroup; moreover that, whenever 2m > /3, the spaces W,2(A*) become Banach algebras, generalizing a classical result on Sobolev spaces (see [1: p. 115] By the Leibniz rule we obtain
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Therefore it is sufficient to show that for any multi-index a with j al <m we have JK,a llQllwm.2.
To this end, we shall divide the proof in two steps.
Step (6.4) a.e. in 1R8.
Step (ii): Let I be the largest integer such that 2(m -1) > 3. Since 2m > /3, we have 1 > 0. Now, we have three cases. (fla"-, Q( X ) 12 r' dx)
< [K(uj)][K(a -
The thesis follows immediately U 
